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Abstract. In this paper, we obtain new bounds for the inequalities of Simp- 
son and Hermite-Hadamard type for functions whose second derivatives ab- 
solute values are P-convex. These bounds can be much better than some 
obtained bounds. Some applications for special means of real numbers are 
also given. 



1. INTRODUCTION 

Let / :/ cM— >Rbea convex function defined on the interval / of real numbers 
and a, be /, with a < b. The following inequality, known as the Hermite-Hadamard 
inequality for convex functions, holds: 



(1.1) 



/ 



< 



2 J - b-aj, ■' - 2 

Since the inequalities in (jl.ip have been also known as Hadamard's inequali- 
ties. In this work, we shall call them the Hermite-Hadamard inequalities or H-H 
inequalities, for simplicity. 

In recent years many authors have established several inequalities connected to 
H-H inequality. For recent results, refinements, counterparts, generalizations and 
new H-H and Simpson type inequalities see the papers [2] , [4] , [5] , [8] , [9] , [H] , [12] 
and [ig. 

The following inequality is well known in the literature as Simpson's inequality. 
Let / : [a, 6] — M be a four times continuously differentiable mapping on (a, b) 
and — sup |/''^'(a;)| < oo. Then, the following inequality holds: 

(1.2) 



/(«) + /(&) 



2/ 



a + b 



1 



6- 



f{x)dx 



< 



1 



2880 



(4) 



(6 - a)' 



In [7], S.S. Dragomir et.al., defined following new class of functions. 



Definition 1. A function / : / C M — > M is P— function or that f belongs to the 
class of P{I), if it is nonnegative and for all x,y ^ I and A G [0,1], satisfies the 
following inequality; 

f{Xx + {l-X)y)<f{x) + f{y). 
P{I) contain all nonnegative monotone convex and quasi convex functions. 
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In [T] , Akdemir and Ozdemir defined co-ordinaded P- functions and proved some 
inequalities and in [7 , Dragomir et ai, proved following inequalities of Hadamard's 
type for P— functions. 

Theorem 1. Let f G P{I), a,h £ /, with a < b and f G Li[a,b]. Then the 
following inequality holds. 

a + b\ 2 



/ [-^ )-b~aj ^^'^^'^'^ - ^ [^("^ + ^(^^1 ■ 

In [5], Dragomir and Pearce have studied this type of inequalities for twice dif- 
ferential function with bounded second derivative and have obtained the following: 

Theorem 2. Assume that f : I ^ R is continuous on I , twice differ entiable on 1° 
and there exist fc, K such that k < f" < K on I. Then 

k fb-aY ^ f{a) + f{b) 1 [\i ^ K (b-a-^ 

In [3], Cerone and Dragomir the following integral inequality were obtained. 

Theorem 3. Let f : [a, b] R be a twice differentiate mapping and suppose that 
1 f" for all t G (a, 6). Then we have 

(.4) 1<5^<^ /f^U^C-)^ 



24 ~ b- a ' \ 2 J - 24 

In [10^, Sarikaya et al. established following Lemma for twice differentiable 
mappings: 

Lemma 1. Let I C ^ be an open interval, with a < b. ///:/—)■ R is a twice 
differentiable mapping such that f" is integrable and < A < 1. Then the following 
identity holds: 



(A - 1) / ( ) -X^^^^^-^+-^ I f{x)dx = {b-af / k{t)f"{ta+{l-t)b)dt 



wh- 



ere 



b-~ 

i<(t-A), 0<t<i 
i(l-i)(l-A-i), i<i<l. 



The main purpose of this paper is to point out new estimations of the (ll.ip and 
(jl.2p inequalities and to apply them in special means of the real numbers. 



2. MAIN RESULTS 

Using Lemma [T] equality we can obtain the following general integral inequalities 
for P— convex functions. 

Theorem 4. Let / :/ cM— >M6ea differentiable mapping on L° (L° is the 
interior of I), a,b E L with a < b. Lf |/"| is P~ convex function, < A < 1, then 



the following inequality holds: 



(2.1) 



(A-1)/ 



^ 2 +6 



1 /■'' 

— / f{x)dx 

J a 



(8A3 - 3A + 1) {|/"(a)| + , /or < A < i 



< 



24 



(3A-l){|/"(a)| + |/"(6)|} , /ori<A<l. 



Proof. From Lemma 1, we have 



(2.2) 



1 /■'' 

— / /(a;)da 



< 



|<(i-A)||/"(ta + (l-f)6)|df 



+ 1(1 - t)(l -X-t)\ \f"{ta + (1 - rfi 



We assume that < A < |, then using the P— convexity of |/"| , we have 



(2.3) 



i: 



\t{t- X)\\f"{ta + {l-t)b)\dt 



i(A - t) \f"{ta + (1 - t)b)\ dt + t{t- A) \f'{ta + (1 - t)b)\ dt 
Jx 

t{X-t)dt + J t{t-\)dt 



< {\f"{a)\ + \f"{h)\} 



{i/»i + ir(6)i}('^-^ + ^ 
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Similarly, we write 
(2.4) 



\{l-t)il~X-t)\\f"{ta + {l-t)b)\dt 

l-A 

(1 - i)(l - A - i) |/"(to + (1 - t)b)\ dt 



+ (1 - t){t + A - 1) \f"{ta + (1 - t)b)\dt 



l-A 



< {\f"{a)\ + \f"m 



j {I ^ t){l - X - t)dt + j {I - t){t + \ - l)dt 



{|/"(a)l + irWII ('^^V^ + A(l - A)^ + ^ - ^ 



Using ((O)) and ((2l| in (jl^), we see that first inequality of (pyTj) holds. 

On the other hand, let ^ < A < 1, then, from P— convexity of |/"| we have 



l*(^-A)||/"(to + (l-t)6)|di 



+ / \{l~t){l-\-t)\\f"{ta + {l~t)h)\dt 





A _ ^ 
4 " 12 



t{X-t)dt+ {I - t){t + X - l)dt 



This is second inequality of (|2.ip . This also completes the proof. 



□ 



Theorem 5. Let / :/ cM— s>M &ea differ entiahle mapping on 1° , a,b ^ I with 
a < b. If I/"!'' is P— convex function, < A < 1 and q > 1, then the following 
inequality holds: 



(2.5) 



< 



^ (SA^ - 3A + 1) ({|/"(a)|^ + , ^"'^ « =^ ^ ^ ^ 

(^(3A-l)({|/"(a)r + |/"(6)r})' , /ori<A<l 



Proof. From Lemma 1 and using well known power mean inequality, we get 
(2.6) 



< 



(A-1)/ 
{b-af 



a + b\ ^f{a) + f{b) , 1 



+ 



)dx 



\t{t- X)\\f"{ta+{l-t)b)\dt 



+ / 1(1 - t){l -X-t)\ \f"{ta + (1 - t)b)\ dt 



< 



{b-af 



'£\t{t-X)\dt] ' (£\t{t-X)\[\f"{ta + {l~t)b)\r 



dt 



+ 



lj{l-t){l-X-t)\dt) " (j'^\{l-t){l-X-t)\[\f"{ta + {l-t)b)\r 



Let < A < ^. Since |/"| is P— convex on [a,b], we write 
(2.7) 

1 

\t{t-X)\[\r{ta + {l-t)b)\]Ut 



A - 

= / t{X-t)[\f"{ta + {l-t)b)\]Ut+ r t{t-X)[\f"{ta+{l-t)b)\]' 
Jo J\ 



dt 



< {irwr + irwri 



I t{X-t)dt+ r t{t-X)dt 
Jo J\ 



(2.8) 



{i/»r+i/"wr} (f -^ + ^). 

\{l-t){l-X-t)\ [\f"{ta + (1 - t)b)\f dt 

\l-t){l-X-t)[\f"{ta+{l-t)b)\Cdt 

C (1 - t){t + A - 1) [\f"{ta + (1 - t)b)\f dt 
Ji-x 



< {irwr+irwr} 



i-l-X rl 

J {1 - t){l - X - t)dt + J {1 - t){t + X - l)dt 



{\f"ia)f+\f"ib)n(%-^+x{i-xr+ 



7X 5 



1 1 

(2.9) r \t{t-X)\dt= [ t{X-t)dt+ r t{t- 

Jo Jo Jx 



X^ 1-3A 
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and 
(2.10) 

r-l 

\{l-t){l~ X-t)\dt 



1-X .1 ^3 ^ 

{l-t){l-\-t)dt+ / {l-t){t+X-l)dt = — H — 



Thus, using (l^ - (P?TU) ) in (j^ . we obtain the first inequahty of (P?5|) 
Now, let i < A < 1, then, using the P— convexity of |/"|', we have 



(2.11) 



similarly, 
(2.12) 



We also have 



< 



\t(t-X)\[\nta+{l-t)b)\]Ut 

t{\-t)[\f"{ta+il-t)b)\]Ut 

t(A-t){|/"(a)r + |/"(6)r}dt 
'A 1 



{|/"(a)r + |/"(fe)r} 



24 



< 



\{l^t){l-\-t)\[\f"{ta + {l^t)b)\]'dt 

(1 - t){t + A - 1) [|/"(ta + (1 - t)6)|]' 

(l_i)(i + A_l){|/"(a)r + |/"(6)r}dt 
A 1 



{i/"(«)r+i/"wr} 



24 



24 



(2.13) 



\t{t~\)\dt 



\{l-t){l-X-t)\dt 



3A - 1 
24 ' 



Therefore, if we use the (I^TT|) . (P?T^ and (PTT^ in (j^ . we obtain the second 
inequality of (|2.5p . This completes the proof. □ 

Corollary 1. In Theorem\^ if we choose A = 0, we obtain 



(2.14) 



f{x)dx - f 



a + b 



< 



jb-af 
48 



b-aj, ^^"'"-^ ' V 2 
which similar to the left hand side of H-H inequality. 
Corollary 2. In Theorem\^we choose A = 1, we obtain 
f{a) + f{b) 1 



({i/"(«)r+i/"(^^)r}) 



(2.15) 



6-1 



f{x)dx 



<^^({i/»r+i/"wr})^ 



which similar to the right hand side of H-H inequality. 



Corollary 3. In Theorem\^ if we choose \~ we obtain 



fia) + f(b) 



2/ 



a + b 



1 



b — a 



!{x)dx 



<^^({i/"(«)r+i/"wr})^ 



which similar to the Simpson inequality. 

Furthermore if /" is bounded on / = [a, b] then we have the following corollary: 
Corollary 4. In Corollary 1, if |/"| < AI, M > 0, then we have 



b — a 



f{x)dx - f 



< '—2^. 

48 



Since 2? < 2 for q> 1, we obtain 



1 



f{x)dx - / 



a + b 



< M 



24 



b — a 

which is |_?./^[ ) inequality. 

Corollary 5. In Corollary 2, if \f"\ < M, M > 0, then we have 
/(«) + /(&) 1 



2 6 - a 

Since 29 < 2 for q>\, we obtain 

/(«) + f{h) 1 



f{x)dx 



f{x)da 



<M(^2i 
24 



< M 



12 



2 5- a , 

which is hi. 3^) inequality. 

Now, we will discuss about which bounds better than the other. 

Case 1. In Corollary 5, if we choose K > M , we obtain new upper bound better 
than hi. 3]) inequality. 



Case 2. In Corollary 5, if we choose K — M, we have the same result with il.3\) 
inequality. 

Case 3. In Corollary 5, if we choose K < M , hl.!^) inequality is better than our 
result. 

Corollary 6. In Corollary 3, if \f"\ < M, M > 0, then we have 



/(«) + fib) 



2/ 



a + b 



1 



6-1 



f{x)dx 



,Ab-afi 

< ^2i. 

162 



Since 2i < 2 for q > 1, we obtain 



/(a) + fib) 



2/ 



b — a 



f{x)dx 



< M 



ib-af 
81 
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3. APPLICATIONS TO SPECIAL MEANS 

We now consider the means for arbitrary real numbers a,/3 (a 7^ (3). We take 

(1) Arithmetic mean : 

(2) Logarithmic mean: 

^^"'^^^ ln|a°|-fn|/3| ' l«l ^ I/?!- ^ 0> ^ K""- 

(3) Generalized log — mean: 



Ln{a,P) 



n e Z\{-1,0}, a,l3e 



Now using the results of Section 2, we give some applications for special means 
of real numbers. 

Proposition 1. Let a,b ^ M., < a < b and n G Z, \n{n — 1)| > 3, then, for all 
q > 1, the following inequality holds: 

\L-„ia, h) - A"(a, h)\ < |n(n - 1)| ({a'^-^) + fo^f-^)}) ' . 

Proof. The proof is obvious from Corollary 4 applied to the P-convex mapping 
f{x) = x", X e [a, b], n eZ. □ 

Proposition 2. Let a,b G R, < a < b and n E Z, \n{n — 1)| > 3, then, for all 
g > 1. the following inequality holds: 

|^(a", 6") - L-ia, b)\ < |n(n - 1)| ({a'^^""^) + b^^-'^}) ' . 

Proof. The proof is obvious from Corollary 6 applied to the P-convex mapping 

f{x)==x^,xe[a,b],neZ. □ 



Proposition 3. Let a, 6gM, 0<a<6 and n £ Z, \n{n — 1)| > 3, then, for all 
q > I, the following inequality holds: 

<|n(n-l)|t|)!({a«(«-^)+&«(«-^)})'. 



^Aia\bn + ^A^\a,b)^Llia,b) 



Proof. The proof is obvious from Corollary 8 applied to the P-convcx mapping 
/(x) = a;", X G [a,&], n e Z. □ 
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